Ž . From the above definitions, it follows that if F T is nonempty, a nonexpansive mapping must be quasi-nonexpansive, and an asymptotically nonexpansive mapping must be asymptotically quasi-nonexpansive. But the converse does not hold. w x Petryshyn and Williamson 1 , in 1973, proved a sufficient and necessary condition for Mann iterative sequences to converge to fixed points for w x quasi-nonexpansive mappings. In 1997, Ghosh and Debnath 2 extended w x the results of 1 and gave the sufficient and necessary condition for Ishikawa iterative sequences to converge to fixed points for quasi-nonexpansive mappings. Using these, they have also obtained some sufficient conditions for Ishikawa iterative sequences converge to fixed points for nonexpansive mappings. In this manuscript, we will extend the above results to asymptotically quasi-nonexpansive mappings and will prove some sufficiency and necessary conditions for Ishikawa iterative sequences of asymptotically quasi-nonexpansive mappings to converge to fixed points; i.e., we will prove the following theorems. 
Then x con¨erges to a fixed point if and only if
lim inf d x , F T n ns1 nªϱ n Ž . Ž . Ž . s 0, where d y, c denotes the distance of y to set C; i.e., d y, C s inf y, x , ᭙ x g C.
THEOREM 2. Let E be a nonempty closed con¨ex subset of Banach space, Ž T : E ª E an asymptotically quasi-nonexpansi¨e mapping of E T is not
. Ž . needed to be continuous , and F T nonempty.
Ž .
n n n n n n n T satisfies the following conditions:
con¨erges to a fixed point of T. n ns1 THEOREM 3. Let E be a nonempty closed con¨ex subset of Banach space, Ž . T : E ª E an asymptotically nonexpansi¨e mapping of E, and F T nonempty.
Ž .
n n n n n n n 5 5 Let T be asymptotically regular at x ; i.e., lim x y Tx s 0, and let
con¨erges to a fixed point of T I denotes an identical mapping; n ns1
COROLLARY 3. Let E be a nonempty closed con¨ex subset of Banach space and let T : E ª E be an asymptotically nonexpansi¨e mapping of E. Ý
must con¨erge to a fixed point of T, where
In order to prove the above theorems, we will first prove the following two lemmas. LEMMA 1. Let E be a nonempty closed con¨ex subset of Banach space, Ž . T : E ª E an asymptotically quasi-nonexpansi¨e mapping of E, and F T nonempty.
Ž .
n n n n n n n Then,
n n n Ž . Ž . Substituting 2 into 1 , it can be obtained that
n n n n n Ž . This completes the proof of a . Ž . Proof of Theorem 1. The necessity of the conditions is obvious. Thus, we will only prove the sufficiency. From Lemma 1, it follows that
Ž . ϱ after, we will prove that x is a Cauchy sequence. For all ) 0, from
Lemma 1, there exists a constant M ) 0, such that when n G N ,
Ž . 
5 5 is arbitrary. Thus Tp y p s 0; i.e., p s Tp. Therefore p is a fixed point. This completes the proof of Theorem 1. Using the same method, Corollary 1 can be proven.
Proof of Corollary 2. Since F T is nonempty, an asymptotically quasinonexpansive mapping must be asymptotically, nonexpansive. Thus, Corollary 2 can be proved by Theorem 1. 
Proof of Theorem

